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1. Introduction 

Recently new aspects in conformal field theories (CFTs) are being recognized through 
studies of thermodynamic limit of integrable models such as Id quantum spin chains and 
(1 + l)d factorized scattering systems. In these analysis, the Rogers dilogarithm function 

2 Jo V y ^-y) 

plays a key role that connects thermodynamic quantities in those models to the CFT 
data, most notably, central charges and scaling dimensions. For example, the following 
conjecture emerged 0,0,0,0 from the restricted solid-on-solid (RSOS) type 0,0,0 
spin chains: 

y (a,m)£G 

where the lhs is the central charge cpf of the parafermion (PF) CFT 0,@ associated to 
an affine Lie algebra 'g with rank r, level I and dual Coxeter number g y . (See |T(J for a 
generalization of @ including the scaling dimensions.) The set G is given by (5) and fffl 
is the unique solution to the simultaneous algebraic equation in the range < /i a) < 1, 

/i a) = II (WiV 3 * for(a,m)GG, (3) 
(b,k)eG 

K2 k = mm(t b m,t a k) — (a a \a b ), (4) 



with the notations specified later. Needless to say, the equation of such form as well as 
the appearance of the dilogarithm are reflecting rich structures encoded in the integrable 
models. Eq.(0) is thereby connecting the two fundamental ingredients; the CFT data 



llJ1 on the lhs which is of affine Lie algebraic origin and the intricate formula on the rhs 
occurring from thermodynamics of the integrable models. 

The purpose of this Letter is to put forward such a connection even further based on 
the thermodynamic Bethe ansatz (TBA) @ , @ , || , @] , p|] , @ . We shall propose a new 
q— series formula for a PF character, which is essentially equivalent to a string function |L5| 
of any non- twisted affine Lie algebra 'g at any level I G Z>i. It has a surprisingly simple 
form and seems to reveal an interesting structure of the PF modules. When q —>■ 1~, the 
q— series formula leads to (^j by comparing the asymptotics on both sides with the method 



of [|16| . Thus our new proposal (9) may be viewed as a "lift" of (|2|) to a PF character formula 

1 



in the sense of [17], [13]. More importantly, we point out that the q— series formula arises 



naturally from the spectra of the TBA-originated effective central charge [|10| involving 



dilogarithms. The key is to observe a one to one correspondence between the independent 
states in the Hilbert space of the PF CFT and the ways of analytic continuations of the 
dilogarithm. The idea provides a new insight toward a structural correspondence between 
CFTs and TBA hence its presentation also consists of our main aim in this Letter. We 
remark that for the special case 'g = , our (/—series formula coincides with that in 



2. New (/—series formula 

Let g denote one of the classical simple Lie algebras A r {r > l),B r (r > 2),C r (r > 
l),.D r (r > 4), Eqj^, F4 and G<i- We write r = ranker and (7 to mean the non-twisted 
affinization of g |51J. Let A, A + , IT, h, (•[■) denote the root system, the set of positive 



roots, the set of the simple roots, the Cartan subalgebra, the invariant form on g, respec- 
tively. The spaces h and h* are identified via the form (■[■). We employ the normalization 
[long root| 2 = 2 and set t a = 2/(a a \a a ), = t a a a for each simple root a a , where the 
nodes 1 < a < r on the Dynkin diagram are enumerated according to ||20|| . The root lattice 



Q = 0Za a , the coroot lattice Q y = 0Za^ and the weight lattice P = (Q v )* are as 
usual. We find it convenient to label the weights of g (mod null root) by its projection onto 
the classical part P. Throughout the Letter we fix an integer I G Z>i and put l a = t a £ 
and 

G = {(a, m)\l < a < r, 1 < m < £ a — 1, a, m G Z} ((^)(^)page2equation55) 



following @, jTD . 

Let L A denote the integrable (/-module having a level £ dominant integral weight A as 
the highest weight ||2Q|| . One can fit the action of the (homogeneous) Heisenberg algebra 
a of rank r on L A []IS|,[PJ. The algebra a has a basis {a^|x G II, n G Z} U {id}. The 



irreducible module 0, A of PF algebra is isomorphic to the subspace of L A consisting of the 
vectors v such that 

a x n v = for x G II, n > 0. ((^)(^)page2equation66) 

The space admits the weight space decomposition 

fi A = fi A . ((^)(^)page2equation77) 

A = A mod Q 



(§(|) P age2page22 



The PF currents tp" (a G A), which commute with the operators a± n (n G Z>i), map 
the elements in fi A into another sector Q\ +a . The character of A-weight sector Q A (with 
variable q) is given by |jT5| ,|p| 



ch(^) = V (qY4{q), 



( ® (|5|)pafi r e2eq , Mation88) 



where c A (g) is a string function of 7j at level £ and rj(q) is the Dedekind eta function. 
The string function is by definition the character of the (graded) A-weight subspace of L A , 
which is of fundamental importance. So far its explicit formula is not known for general ~g 
and £ although several expressions are available in some cases Let fi A be the 

quotient of the space fi A by the identification fi A ~ O a +£ q V , and the Hilbert space of the 
chiral half of the PF CFT corresponds to the direct sum of A 's. 

From now on we shall exclusively consider the vacuum module 0° case and propose 
the following character formula for each A-sector (A G Q): 



ch(o° A ; 



fc(n) 



-cp F /24 



A(n) = A mod 



q K(n) 



£ 

(a,m)eG 
(b,k)eG 



K 



m k (a) (6) 
' "m n k ' 



a b 



( ® ©pafl , e3eq i uatzon99) 



( © (J$)page3equationlQ10) 



(a,m)EG j=l 

Here the summation in (19) runs over the vectors 



( (H) ©pa^e3eQ'itoti on 1 1 1 1 ) 



n 



rt fl) )M«J 6 ( z >o) |G| 



under the indicated restriction A(n) = A mod £Q V with 



((D©pa^e3eguationl212) 



A(n) 



(a,m)EG 



mn$a a , 



( (ID ©pafi , e3eq i wationl313) 



which is compatible with the invariance property c A = c^ +1 q V ■ Under the above restriction, 
it can be easily shown that the rhs of (|9]) contains only non-negative integer powers of q up 
to an overall factor q p with p = —^f- — -^jr mod Z. The character of the space 0° is now 
given by the same formula @ but without any restriction on the n— sum other than ( [12] ) . 
At present, a proof is not known for (^) for general 'g and £. However one can verify several 

(D(|)page3page33 



cases directly and observe a wealth of consistency as we shall see below. For ~g = A^\ 
some generalizations into different directions have also been conjectured in fll8],fl22l. 

Firstly, © is indeed valid for (g, £) = (A^ , general) as it coincides []18| with the 
formula in j0|. So is the case (g, £) = (B r , 1) with r general, where one can actually 
compute the n— sum by means of eq. (2.2.6) in [[23[ and compare the result with that in |15[ . 
The case (g, £) = (G^\ 1) can also be proved since the q— series (|[) then reduces to that for 
3) (cf.pf ). Not to mention, © is trivially ture for g = A^yDp and E$ >8 with £ = 
1 when the PF module becomes 1 dimensional. Secondly, we have generated the low power 
terms in (^) by computer and checked agreements with the known results on the string 
functions for (g, £) = (A^ 3 , 2,3) 0, (C$,1), (F 4 (1) , 1) and (E^ 1} ,2) For instance 

in the last example, the rhs of (|) with A = Ai yields g 3 / 16 (l + 29<? + 288<? 2 + 1878<? 3 H ). 

This agrees with the E% level 2 result b 2 £° given by eq. (4.4.3a) and Proposition 4.4.1(e) in 
2~1\ as an order 9 polynomial of the Virasoro characters. (A^ denotes the i— th fundamental 
weight.) One may substitute (H) and (13) into the character formula |T5 



ch(L°)= c° x (q)Q x>i (z,q), V (z,g) 



q h\ 2 /2e e -27Ti( 1 \z) 



AG 



~/e\+iQ v 

(© (^)page4:equationl414) 

under the principal specialization of z. We have then checked that the resulting q— series for 
ch(L°) indeed fulfills the known factorization property |T5| up to some power for many ex- 
amples including (g, £) = (ig, 3), [B^\ 2, 3), (D™ , 2, 3), (F 4 (1) , 2) and (G^, 2). Thirdly, 
if (PI) is true, then 



min{/C(n) | (p]) and A(n) = Amod£Q v } 



n 



|Af 
2£ 



(© (|5|)pafi r e4eq , 'uationl515) 



must hold by comparing the leading powers on both sides. Here n° x is the minimum 
eigenvalue of the Virasoro operator L Q in the A-weight subspace of L° and is equal to the 
minimum number of roots to express A as their sum if it is possible within £ roots. Our 
quadratic form /C(n) (|10|) has the consistent property to it since 

IAI 2 



min{/C(n) | Q andA(n) = Amod£Q v } = 1 



2£ 



( © ©page4equationl616) 



is valid for any positive root A, which is a special case of ([15j). Finally, we remark that 
(0) is also consistent in that it leads to the dilogarithm conjecture (||) by comparing the 
asymptotics on both sides as q — > 1~ . To see this, we firstly note that the leading divergence 



of the lhs in 



is 



(g) _CpF / 24 (g = e _27ri / T ) when q = e 
(§(|)page4page44 



2ttit 



1 15 . As for the rhs, 



one can apply the argument in |16|],|T7]] to get a crude estimate (q)~ E L (fm 'V 471 " ? from 
which (D) follows. In particular, (||) arises essentially from the "saddle-point condition" 
q n m = i _ fffl with respect to n^m . 

Before closing this section, let us discuss how our (/-series @ will indicate a basis 
structure in the PF module in the light of the earlier works lfl9| , p5| . The space Q° is 
certainly spanned by the vectors 

T 7 V_ fcl ■ ■ -A d v (7 G £Q V ,A E A+, h e Z> x ), ((®(®}page5equationl717) 

where v$ is the highest weight vector and T 7 is the translation isomorphism T 7 : QP X — > 
n^ +7 . Furthermore by introducing a lexicographic ordering in this set, we can choose 
Poincare-Birkhoff-Witt type vectors among them as a spanning set of 0°. To illustrate 
the idea let us take the example (g,£) = (A^\2) with A = ol\ + a 2 G A and consider 
the = = 1 term , ? in (^) (apart from q i_CpF / 24 ). In view of ( |13D and the 
restriction A(n) = A mod lQ y , it corresponds to the character of the subspace of fi° 1+Q , 2 
spanned by the vectors 

^l +a2 v (k > 1), 
^°L\^J k v Q (k 1 >k 2 > 1), ((§(§pagebequationl8l8) 

rj kl r-i 2 vo (h>k 2 >i), 

since their contributions amount to it as 

-1/2 / q f\ = f /2 . ((D(|)pa^e5egua*ionl919) 

VWJi (9)2 (9)2/ (9)1(9)1 



Here the prefactor g 1 / 2 comes from — |ai + a 2 \ 2 /2£ = —1/2. In general non-trivial 
relations exist among the operators ]1; V^V if (E AI A j) > ^ for some fundamental weight 
Aj, hence one must eliminate some spanning vectors to get a real basis. We leave it as an 
interesting future problem. 

3. Origin from TBA 

Our proposal <ffi) for the PF character has stemmed from an analysis based on the TBA 



type integral equation in [10 



/oo 
dv - v) log(l + exp(-4%))), 

( (D ®page5equation2020) 

(H)(|)page5page55 



which represents interacting "pseudo particles" with energy e„ (u) labeled by (a, m) E G. 
Here, M a > 0, niD^ and R are independent of the rapidity u and stand for the mass, the 



chemical potential (cf. ||26|| ) and the system size corresponding to the inverse temperature in 
TBA. The integration kernel ^^(u) decays rapidly when \u\ — > oo and has been specified 



in eq.(18) of flIC|. Here we will not need its explicit form but the properties 

,mk / \ 7 e r j^mk ,-r.mk / „ \ .-r.mk ( „ \ ,-r,km 



<Cb («)<*« = 5 ab 5 mk - K2\ «>) = *S"("*0 = 



( (0) (0)pafi r e5e(3 , uation2 121) 
Eq. (ID has a similar form to many earlier examples of the TBA equations p7| , pj , |28j , jlj , Pfl , Pfl 
and is a candidate describing a massive deformation of the level I 'g PF CFT by a certain 
relevant operator |31| . Actually, one can apply the standard TBA technique to show that 
the free energy 

F(R) = J2 Ma Yl / du&ulog(l + exp(-e£>(u))) ((^(§)page6equation2222) 

has the ultraviolet (UV) asymptotics 

7TC 

F(R) ~ -— as -> 0, ((§)(§)pa#e6eQwation2323) 

2 

^c= ^ (L(/W)-^£)Wlog(l-/i a ))), ((^(g)page6equaUon2424) 

(a,m)EG 

mD$ = log /£) - J2 K ab k log(l - /f )• (©(§We6e^ato2525) 

(6,fe)GG 



Eq.(^3p is a characteristic behavior of the CFT with the central charge c |]32fl,||33||. In 
the derivation, we have used (|2l| ) and put e^ + (u) = €m \u + log %) and passed to the 
limit R — > firstly to deduce e^ + (+oo) = +oo from the assumption M. a > 0. We 
have also set fffi = (l + exp(e^ + ( — oo))) , which is natural since the simplest branch 
choice log fm\ log(l — /m' 1 ) G R for all (a, m) G G in (|25| ) then yields D$ = hence 
the ground state value c = cpf by means of the dilogarithm conjecture (@). However, one 
may allow various branches in fl25|) and thereby introduces non-trivial chemical potentials 
and possibly extracts the excitation spectra as argued in P^],||35]],PS|], ||26|| . To be more 



precise and systematic, we introduce the universal covering space 1Z of C \ {0, 1} and the 
covering map i : 1Z — *■ C \ {0, 1}, which specifies analytic continuations of the dilogarithm. 

(H) (|5])page6page66 



The effective centrai charge c (|24| ) is then to be understood as a function on the set of the 
points (fm )( a ,m)eG on 7^ |G| such that z(/m ) ) = fm , i-e., 

2 

yc(5) = E (L(/i a) ) - ^£&>Log(l - /*«))), (®® W e6e g ua«<m2626) 

(a,m)6G 

Trt^W = Log(/£>) - E ^Logfl - f k b) ), (©® P age6equation2727) 

{b,k)EG 

as introduced in eq.(ll) of (with 2 = therein). Here, S denotes the collection 
(C a , TO )(a,m)eG °f the contours C a ,m from an arbitrary base point to < fm < 1 in 
C \ {0, 1} specifying the point on 71. We warn readers that C a ^ m here does not 
mean the integration contour as opposed to the convention in [|10| . We fix the branch 
—tv < Im(log(-)) < % in ([!]) hence L(x) has the cuts (— oo, 0] and [1, +oo) on the complex 
x— plane. The L(-) and Log(-) in (|26|) , (|2T|) stand for the analytic continuations of L(-) 
and log(-) to 7Z, respectively. Because c(S) actually depends only on the homotopy classes 
of the contours C ajTri , we shall parametrize them by the integers Cm^jiVm j U — 1) as 
C a , m = C[/m } • • • \Vm,ii Vm& • ■ •] » wherein the notation C[/|£i, f 2 , • • • \Vi, V2, ■ ■ •] 

signifies the contour going from the base point to / as follows (Fig.l). It firstly goes across 
the cut [1, +00) for 771 times then crosses the other cut (—00, 0] for £1 times then [1, +00) 
again for 772 times, (— 00, 0] for £2 times and so on before approaching / finally. Here 
intersections have been counted as +1 when the contour goes across the cut (—00, 0] (resp. 
[1, +00)) from the upper (resp. lower) half plane to the lower (resp. upper) and —1 if 
opposite. We call £j and r\j the winding numbers and assume that they are all zero for j 
sufficiently large. From these definitions one deduces the formulas 

Log(/) = log / + 27Ti(J2&, Log(l - /) = log(l - /) + 27Ti(J2vj), 

( (D (§)page7equation2828) 

L(f) =L(f) + TnQT^) log(l - f) - log/ 

if ((^)(g)page7equaUon2929) 

- 2 ^ 2 (E O (E n) + 47r E ti ^1 + ■ ■ ■ + vj), 

j>l j>\ j>l 

which make the dependences on the contour C = C[/|£i, £2* • • • l^i? V2> ■ ■ •] explicit. The 
collection S of the contours is now equivalently represented by the collection of wind- 
ing numbers (fH, Vm,j)(a,m)eG,j>i- B Y applying flSJ) to (|27|) and using 

(|)(|)page7page77 



l°g(/m^) = k)eG -^o& fc l°g(l — /jfe ) f rom ©5 one can split the c(«S) into S— dependent 
and independent parts. The latter turns our to be cpp due to (Q) and we get 1 

c(S) = c PF - 24T(5) , ( (D (|)pa^e7e?wa^on3030) 

T(5) = fc(n) - E^O&i + • " • + »fi)> (©(lWe8e^on3131) 

(a,m)eG j>l 



where /C(n) is defined in (|i~0|) and the vector n = (n^ )( a ,m)eG e Zl G l is specified from 5 
by 

= Yl Vmj ■ ( © ®pa0e8eguatfon3232) 

i>i 

The formulas (|30|)-(^2|) describe the S— dependence of the effective central charge mani- 
festly. 

Let us now investigate the spectra of the c(S) when S consists of those contours that 
intersect the cuts [1, +oo) and (— oo, 0] always from the lower half plane to the upper 
with the former crossed firstly if ever. Respecting (^2|), such an S is a collection of C a ,m 
((a, to) G G) parametrized as 

C a ,m = C[f^\&\, . . . , £ (a) (o) , 0, 0, . . . | C^~T, 0, 0, . . .] (®®page8equation3333) 

771 , 77, , m 

for some rim } > and &\, . . . , £ (a) (a) < 0. Denote by O the totality of such <S's. Then 
from (PD|)-(|53|), one can compute the spectra of the effective central charge as follows. 



(a) 



/c(n) 



(a) 



-cp F /24 1 



(«)» 

( (0) ©pafi r e8eq , wation3434) 

According to (Q), the last expression is nothing but the character ch(0°). In this way, 
the spectra of the effective central charge (|26| ) leads to the PF CFT character itself. This 
extends our earlier observation in |10[ (with A = 0) further toward a structural correspon- 
dence between CFTs and TBA. Namely, the independent states in the Hilbert space O 



1 Using this opportunity we remark that eqs.(9b) and (12d) (with z = 0) in [10] are erroneous 
and should be corrected as eqs.(29) and (31) here, respectively. 

(§(|)page8page88 



are in one to one correspondence to the lifts (fm)( a ,m)£G £ of the point (fm^)( a ,m)€G 
parametrized by the set O. 

4. Discussions 

We have seen that the whole excitation spectra in the PF vacuum module QP is obtainable 
from the UV free energy (or the effective central charge c(S)) by a certain analytic con- 
tinuation procedure. It implies that the ground state energy also possesses informations 
on the excitations since the latters correspond to just different branches of the former. It 
will be interesting to seek such a phenomenon in a wider class of models in 2d statistical 
mechanics and quantum field theories. As for our examples in this Letter, there are at 
least two routes to possibly explain this phenomenon. The first one is to interpret c(S) 
as the expectation value of the symmetry operator under which the corresponding excited 



state becomes the leading |26j . Though this argument has been applied almost exclusively 
to some primary excitations, one may generalize it by including descendant operators to 
accommodate the full spectra. The second route is to regard c(S) as representing finite-size 



corrections p2|] , |33|1 to various transfer matrix eigenvalues of critical RSOS-type 



spin chains. In such analyses one treats the integral equations similar to (|20|) originated 
from the actual functional relations || among the row to row transfer matrices as done 
in |J!J for ~g = A± . There, non trivial branch choices have indeed been observed to yield 



various eigenvalues. Thus our prescription here might be related to such an approach by 
using the U q (g) functional relation in |L0| . 



The q— series formula (Q) and the computation in the previous section concern the 
UV limit R — > where the TBA just starts to deform the CFT. So in principle they 
should allow a "continuous deformation" in some sense which will exhibit rich integrability 
structures away from criticality. 

Finally, though we have considered only the vacuum module case in this Letter, it is 
natural to expect similar formulas to (0) for general PF modules in the light of the result 



in JTO] . We hope to report them in our forthcoming paper . 
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Figure Captions 

Fig.l 

An example of a contour from a base point zq to a point / e (0, 1) in C \ {0, 1}. Its homo- 
topy type is parametrized as C[f\—2, 0, . . . |2, 1,0,.. .] or also as C[/|0, —2, 0, . . . |1, 1, 1, 0, . . .]. 
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